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ABSTRACT

The paper is concerned with the applicability of some new conditions for the convergence of Newton—kantorovich
approximations to solution of a class of nonlinear singular integral equations with Carleman shift, forming the finite
group of iterations preserving orientation, of Uryson type. The results are illustrated in generalized Holder space.
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INTRODUCTION

The theory of integral equations is one of the most
important branches of mathematical analysis, mainly
result of its importance in boundary value problems in the
theory of partial differential equations. The theory of
integral equations is contacted with many different areas
of mathematics; foremost among these are differential
equations, theory of analytic functions and operator
theory.

The theory of linear singular integral equations (SIE) and
non-linear singular integral equations (NSIE) have been
developed significant importance during the last years as
many engineering problems of applied mechanics and
applied mathematics and in many problems of
mathematical physics, such as the theory of elasticity,
hydrodynamics, quantum mechanics, fluid mechanics and
others. The theory of approximation methods and its
applications for the solution of SIE and NSIE has been
developed by many authors (Amer, 1996; Dardery, 2011,
2017; Dardery and Allan, 2011; Jinyuan, 2000;
Kantorovich and Akilov, 1982; Ladopoulous and Zisis,
1996; Zabrejko and Nguen, 1987). The classical and more
recent results on the solvability of NSIE should be
generalized to corresponding equations with shift see
Wolfersdorf (1985). The successful development of the
theory of SIE and NSIE naturally stimulated the study of
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singular integral equations with shift (SIES) and nonlinear
singular integral equations with shift (NSIES), (Amer,
2001; Amer and Dardery, 2005; Dardery, 2011, 2014;
Gakhov, 1966; Kravchenko and Litvinchuk, 1994,
Litvinchuk, 1977; Nguyen, 1989).

The theory of SIES and NSIES are an important part of
integral equations because of its recent applications in
many fields of physics and engineering, (Baturev, 1996;
Kravchenko, 1995; Kravchenko, 1994). The Weiner-Hope
equations are a natural apparatus for the solution of
problems of synthesis of signals for linear systems with
continuous time and stationary parameters. If the problem
of synthesis is not stationary, then the Weiner-Hope
method is not applicable and the problem is reduced to
singular integral equation (Baturev, 1996; Cooper, 1971).

Exact and approximate solutions of such equations
attracted many mathematicians. The known results
concerning on a criterion of Noetherity and index formula
for singular integral functional operator with (Carleman
or non-Carleman) shift (SIOS) preserving or changing the
orientation are investigated in the case of continuous
coefficients in the recent monograph by Kravechenko and
Litvinchuk (1994). The Noether theory of SIOS is
developed for a closed and open contour (Amer and
Dardery, 2004, 2009; Dardery, 2011; Guseinov, and
Mukhtarov, 1980; Khusnutdinov, 1989; Kravchenko et
al., 1995; Kravchenko and Litvinchuk, 1994; Litvinchuk,
1977). In the present paper, some new conditions for the
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convergence of Newton-Kantorovich approximations
have been applied to solution of the following NSIES of
Uryson type:

(Tu)t) :mi(a, P22 jg())d ] o ter (1:1)

= 10

in generalized Holder space H (o) whereI" be a simple
smooth closed Lyapunov contour, which divides the plane
of the complex variable Z into two domains, the interior
domain D" and the exterior domain D7, a(t)
homeomorphically maps I into itself with preservation
orientation and satisfies the Carleman condition:

an(t)=t, o;(t)=t, 1<i<m-1, (1.2)

where

a;i(t)= a4 (t)] o (t) = t,
and m=>2. Assume that ¢ (t) satisfies the Holder
condition. Moreover ¥ :-I'xT'xR — R is a Caratheodory

function (i.e. function which is continuous in the last
variable and measurable in the other variables), Also, we
suppose that the derivative of the Caratheodory function
W(t,z,u)with respect to the last variable exists and is

also a caratheodory function. The coefficients
a(t),b(t),i=0L..,m-1 belong to the generalized

Holder space Hr(w) and A e (— oo,oo), is a numerical

parameter; the function u(t) is an unknown function. The

usefulness of the following study consists in reducing the
(hard) problem of finding zero of a nonlinear operator in a
Banach space to the (possible simpler) problem of finding
zero of a scalar function.
Our problem has been studied when

a (t)=0,i=04,..,m-1
by applicability of Banach fixed-point theorem in (Amer
and Dardery, 2004), also it has been studied where I" is a
real segment in usual Holder space in (Nguyen, 1988).
The special case has been studied, with first order shift, in
(Dardery, 2011). The special case of our problem has
been studied as nonlinear integral equation, without shift,
in the chebyshev space C, the lebesgue space

L,(1<p<w), and orlicz space L, (De Pascale and

Zabreiko, 1998).
2- Formulation of the problem:

Let X and Y be two Banach spaces,
B(ug,R)={u: } the closed ball centered

at u, e X with radiusR >0, and F:B(u,,R) >Y is
nonlinear operator. The Newton-Kantorovich method is
one of the basic tools for finding approximate solutions of
the operator

F(u)=0 (2.1)
In the corresponding iterative scheme
i =U, —Fu,)*F(u,), (n=012,.) (22
One has to require in particular that the Frechet derivative

u

of F at all points U, exists and is invertible in the
Banach space C(X,Y) of all bonded linear operators

from X intoY . The non-negative numbers

a:HF‘(uo)ilF(uo) H (2'3)
=|F () (24)

Will be of particular interest to us in what follows.
We suppose that the Frechet derivative F'(u) of

F satisfies at each point of B(u,,R) a condition of the
form

HF‘(U1)_F’(U2) (2'5)

)' U, U, EB(UOfR)

[O,oo) is monotonically increasing

< u( u,-u,
Where u: [0,00) -
with

(2.6)

Iingy(r):o, O0<r<R

Moreover, we assume that there is another monotonically
increasing function @:[0,c0) — [0,00) such that
0<0(r) < u(r), (O< r<R),and

IFw) H_l gy Bl (2.7)
We define three scalar functions on [O, R] by
2(r)=sup{u(u)+6(v):u+v=r}, (2.8)
#(r) =E+;[y(t)dt—:; , (0<r<R)’ (2.9)
and
(2.10)

5(r):§+£ﬁ(t)dt—g (0<r<R)"
Theorem 2.1 (De Pascale and Zabreiko, 1998). Suppose
that the function (2.9) has a unique zero r, <[0,R] and
that¢(R)<0. Then equation (2.1) has a solution
X, € B(Xy, 1) this is unique in the ball B(uo, R)

Lemma 2.1 (De Pascale and Zabreiko, 1998). Suppose
that the function (2.10) has a unique zero q, e [0, R] and
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that # (R) < 0. Then the scalar sequence (r,),on defined o ult)- U(tz)\
< H s

by r( ) lllzg" a)Ht H =

bé(r) (N=012..) (2.11) For U € Hr(a’) we define the norm:

=+ ————
1-ba(r) lul s He (),
Converges monotonically to g, Hr " "C(F) ?)

r,=0,

where

Theorem 2.2 (De Pascale and Zabreiko, 1998). Under Jullye) = m@x\ u(t)|-
the hypotheses of Lemma 2.1 the approximations (2.2) are tg

. X Using the notations
defined for all n belong to the ball are converging to a g

solution of (2.1) and satisfy the estimates (Ayult)= mi(ﬂb‘ (t)J' o (t) T’U(T))dr} tel
[~ < s =1y (12022, 212) NI
and (3.1)
m-1
U- <0 -1, . (1=042...) @13 (Lup)=S[RONEOD ) e o)
o\ Tl % r—ai(t)
Theorem 2.3 (De Pascale and Zabreiko, 1998). Suppose J— (3.2)
1 1u
that the sequence (), given by (2.11) converges to I(t,z,u) =% (3.3)
some limit r_(@). Then the approximations (2.2) are and
defined for all n belong to the ball B(u,,r, (a)) ., and (Su)t)= U(Tz (3.4)
satisfy the estimates (2.12) and (2.13). _ _ mije-
We remark that the usefulness of Theorem 2.1 consists in for singular integral operator,
reducing the (hard) problem of finding zero of a nonlinear P, = 1(| + S), 52 | (3.5)
operator in a Banach space to the (possible simpler) 2
problem of finding zero of a scalar function. to which we associate the projection operators where |
is the identity operator on H (@)
3- Some notations and auxiliary results. (Wu)(t) = u(a(t),
In this section, we introduce some notations and auxiliary for the Carleman shift operator, and the operators
results, which will be used in the sequel. B,, B, are defined by
m-1 ) m-1 )
Definition 3.1 (Guseinov and Mukhtarov, 1980). We (Bu)t) = Zai OW u(t) - (Bu)t) = Zbi (W 'u(t) -
denote by @ the class of all functions @(J), defined 0 = 356)
on(0,1], where | is the length of the curve ", which where '
satisfies the following conditions: (VV iu)(t) = u(e, (1)), i=01..m—1.
1. @(0) is a modulus of continuity,
1 a)(S) Lemma 3.1 (Amer, 2001). The singular operator S is a
2. sup—— | —ds=1, <o, -
550 a)(§) 0 S bounded operator on the space H . (@) and satisfies the
inequality
a) S
3. sup— ( )ds J, <o
50 @(9) 5 [Sully, <20l (37)

Definition 3.2 (Guseinov and Mukhtarov, 1980; Mikhlin
and Prossdorf, 1986). The generalized Holder space

H. () is the set of all continuous function u(t) such 5
w -
that po =6 (£) d& +c, +¢,C,
0

&

where P, is a constant defined as follows :
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where C isa positive constant.

Theorem 3.1 (Amer and Dardery, 2004). The shift
operators Bi ;=12 are bounded operators on the
generalized Holder space H () and satisfy the
inequality

[8,u)V)],,, <6l

(=12 (3.8)

where

®, =max{ Mg , L, |,

Sa ), M = b0,
i=0 i=0
and
m-1 m-1
Le, =2 HI(&) L, =2 H
i=0 i=0

Now, we study the singular integral operator A, defined

by the equality (3.1) where the function
VY =Y(t,7r,u) . I'xI'x R — R satisfies the following
condition

lPum t,7,0) _\Pum (tzﬂ'ziuz)‘ < Ail a)*(|t1 _t2|) +
Aa(r,—7,|) +&(u,—uy]); 1=01

(3.9)
for (5),w™* (0) € O , we have
@*(5)In(1/5) < Ay(5), (3.10)
& [O,oo)—> [O,oo) is  monotonically increasing
function with
Iri_rllfi(r):o; 0<r<R, (3.11)

where A/, Al and A, are positive constants.

Lemma 3.2. If the function W(t,z,u) satisfies the
conditions (3.9)-(3.11), then the operator A, defined by
(3.1) is bounded on H (@) and satisfy the inequality

[A U@, <O, + A, +00 ¥ @ LU, |

(3.12)

Where A, A, are defined constant depend on constants

Ali ,A; and A, (Dardery, 2011).

In the following Theorem, the function M = m('[,T)

should carry the following quite restrictive conditions:
1. o ,,(0,0)In(1(5)) _

Il
0<5<l (0(5)
2. sup —— 1 Iw (O§)d§—| <
0<5<l co(é‘) &
<5<l a)(é‘) §
Theorem 3.2. The nonlinear singular operator

L, defined by inequality (3.2) and (3.3) is a bounded

operator on the generalized Holder space Hr(a)) and
satisfy the inequality

Ly h,, < (3.13)

where
y=0,maxl, + 1,15+,

and 1,,1,,1;,1; are defined constant depend on

constants 1,,1,,15,1,and J

3' T

(Dardery, 2011).

(o

Lemma 3.3. Let the function W(t,s,u) satisfies the
conditions (3.9)-(3.11), then the operator T(u) has
Frechet differentiable at every fixed point ue H ()
and its derivative given by

<T'u>h<t>=”z*[ai e

i=0
(3.14)
Satisfies the following condition

(3.153)
where

(3.15h)

Iirrg),u(r) =0, (0<r<R)

Proof.

Let U, (t) be a fixed element in the space H (@) and

h(t) be an arbitrary element in H(@). Now we

consider

Ty, +h)—T(u,)=T'(u,)h+n(u,,h) (3.16)

()dj tel

" Sy(Hul—quHr), u,,U, € B(uy,R), 0<r<R
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then we have the well-known formula:

77*(“0 + h)

(3.17)

‘I—‘(t,r,u (z )+h( )) ¥(t,7,u, (7)) =1 (t T,U, (7 ))h(r)+

where

(t,7,uy(z)+ 9h(z) )h?(z)d 3

o'—.»—‘

(3.18)
where 0 < 3<1, from (3.16) and (3.17), we get

UL

m-1
i=0 7 T T—-a;

Il
o
—
=

=
—_
|
—
—
N—rt

+

(Tt n(t)

n(uo,h):/lfbi—(oj () dr

io Tly T-alt
Moreover,
[T, +0) =T () ~T'W)h],, <[BA],

i oteen )l M) e )

-t

7

r

(b1, )

Hence

Hr

[7(ug.h)l,, —0 as |, —0

Consequently, the T(u)
differentiable in the space H (w) and its derivative
given by formula (3.14). Moreover, by inequalities (3.7)-

(3.9) we get
i (1t.7,u ()17, U, ())(e)
-t

operator has  Frechet

IT'(u)h=T',)h],, <18 r

Hi

r

s ugfIhl,,

< ‘/1‘(92/)051@‘“
Hence,
HT’(ul)—T’(uz)HHr < u(uy —UZHHF), u,,u, € B(u,,R), 0<r<R

where
(O<r<R)

lim u(r) =0,

r—0
Theorem 3.3. If the operators B, and L, (u)satisfy the
inequalities (3.8), (3.13) respectively, then the nonlinear
singular operator T'(u) is a bounded operator on the
generalized Holder space Hr(a)) and satisfies the
inequality

r'@hl,, <@+,

Where @, y are defined constants, (Dardery, 2011).

4- Noether property and index formula for SIOS:

To study the Noether condition for the operator T U, we
reduce this operator to the following form

m-1

( W' +c,(t WS)h(t)+
) +(N)t)=g(t) ter ,m=2
(4.1)
Where
¢, (t)=2b, (e ()t u(t),
(Nh)t) I o)h(r)de

r

R(t, 7

by(t) ¢ 1 (e (t). 7, u(z)) 1 (e (0).tu(t))
)=4 7 -l. T— ai(t) h(T)jT’
reduce this operator to the form

(Ti h) (t)=(AP, +BP_) h(t)=1J (1), (4.2)
where
A=Sx 0w, B=§yi(t)wl,

n(0)=a,0)-
30)= 9(0)- (Nn)t), =0

From the theory of singular mtegral operators with shift,

¢ (t), i=0,.,m-1.

e, m=1.

(Kravchenko and Litvinchuk, 1994), the Noether
condition for the operator T U is given by:
%) X (t) Xna(t) ]
Xin- a(t)) Xo a(t)) Xm—z(a(t))

#0

o) xplana®) . . sl )]

(4.3)
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[ yo(t) ) Y ]
Youlat)  Yolalt) . . v.,(alt)

s ®) valas®) - - ol s0)

(4.4)
hence the following theorem is valid
Theorem 4.1 (Kravchenko and Litvinchuk, 1994)
Consider the operator
T, =AP_+BP_,

where

m-1 m-1

A=Y x )W, B=Yy(t)w

i=0 i=0
are orientation-preserving Carleman shift operators of
order M>2, W™ =1 and the matrix functions

X;,Y; € C™"(T"). Then T/, is Noetherian if and only if

the condition (4.3) and (4.4) are satisfied and the index
formula of the Noetherian operator T, is given by:

o1 A)] (4.5)
indT,; = Y {arg Al(t)}r

5- Solution of linear singular integral equation with
shift:

Now, we show that the linear singular integral equation
with shift (4.1) has a unique solution for every

g € H, (@) . Apply the Operato
W,W? .. W™ SWS,.. WS

Successively to both sides of the equation (4.1), hence, we
obtain the following system:

+Za. )W h)t) + ¢, (lt)(sh)e)+
+3 o, () @ sh)e)+ (WNRYD)=(Wa)t) n,

(5.1)

a (o O)h)+a, Wh)(u”lijal )W h)+
+ €5 (@,(t)) (S)E) + ¢4t () WS )+
+Zc(az (O)wsh)t) + fw nnke) = fweg)e)

(5.2)

8ty 1 ()W 1)) z (e O) W RN+

m-2

O+ S ) 0N+

( ‘1Nh)(t k)

(5-3)

S e X nk) + 3, () s he)+ (N,n) ()= (o))
- - (5.4)
h<t>+:”z:cxa(t»(w”lhxtwam1(a<t>><sm<t>+

+ S a O sn)t)+ () = (wsg)t)
” (5.5)

mZ:ciﬂ(aml(t))(W ihxt)+ Co (am—l(t))(vv m_lhxt)+ r.nz:aid(aml(t))(w iShXt)+

cau(ay )™ S+ (V1) 0 0

(5.6)
Where
m-1 om-l m-1 m-1 _
N, = ( a, W'+ ¢ tw! S+Nj [ ctw' +> 3, )vv'sj
i=0 i=0 i=0 i=0
N, =WN,

m-1 m-1
=W 15[ a W' +>clt) W5+Nj

i=0 i=0

m-2
—W”‘l(co W™D e (W + 3y )wmls+ZaH1 WSJ
i=0
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No solutions are lost when the operators  Theorem 5.1 Assume that
W,W?2,.. W™ SWS,. W™S are applied to
equation (4.1), hence all solutions of (4.1) are solutions of det(t) =0 vtel, (59)
the system (5.1)-(5.6) and conversely. .
Let E be the closed subspace defined by HQ M ] <l (5.10)

E = {(h,Wh,..,W™*h,ShWsh,..,W™sh), heH_ (o)}

and let €2 be the linear operator from E to H . (w)
defined by

OH(t) =Q)H (). (5.7)
where
H=[h wh .. w™h sh wsh .. w™h[,
Moreover
[ a, a e [ Co C, Crt
Wa,, Wa, ... Wa,, Wc,, Wc, ... Wc,,
W 2am—z W 2am—l e W zam—S W 2Cm—z W 2Cm:l . W 2Cm—é}
W m—la1 W m—la2 LW m—la0 w m—lc1 W m—lc2 W m—lc0
Q)= G s Oy a a, s 8y
We,, We, ... Wc,, Wa,, Wa, ... Wa,
_W m—lc1 W m—lc2 o W m—lco W m—lal W m—la2 . W m—lao |
is a matrix of functions from the space H (w)

corresponding to the operator S_) .
Then the system (5.1)-(5.6) can be rewritten as the form:

OH+MH =G, HeE (5.8)
Where
G =[g Wg W™'g Sg WSg Wm‘lsg]T ,

and M is a diagonal matrix its diagonal numbers take the
form

digM = {N,WNW ™, W ™NW, NS, N,SW ™., N SW |

Then the operator T'(U,) is invertible, moreover

! = HQ* r 1 (2]
H(T () lHHr Sl_g-lrle [n+ HY (Qo)j, (5.11)
where
. 1
n= r’{16|rn|det Q(t)|, QO (t) = M,

and Q" be the adjoint matrix of Q.

Proof.
It is well know that the condition (5.9) is necessary and

sufficient condition for the invertibility of the operator Q
on E, moreover the equation (5.8) is equivalent to the
following equation

H=O G-O MH, HeE.

The problem of the invertibility of the operator §_2+ M
can be reduced to the following fixed-point problem

—-1 —-1
H=PH, PH=Q G-Q MH, HeE,
where
—-1
[PH, =PH, |, |2 M| [H,-H, ], .
From condition (5.10) and the contraction theorem, it
follows that for every G € E, the operator P has a

unique fixed point. Then the operator Q+M (and
therefore T '(uO )) is invertible and

=
H(T'(Uo))fl Y —%
r 1—HQ M
E
maoreover
|7 7ue)) | sy“r(lms’(@o)]-
" 1-ferml A

Assume that
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>, 1.
:]-_S)_lME(n"'Hr(QO)]
and <'5l=b(||B1uo”Hr + A5 o)

In fact, we have

Q(U) = Q(Uy) + QU) — Q(U,); Qu)=T"(u)

implies

Q)™ =1 +Q(u,) ™ (Qu) - Q(ue)) | " Qup) ™.

Consequently,

ey, = (o),
1= Qe M, lRW - QM)
Hence,
a4 b
lw, < Ther) ¢ B
Where

0(r) =sup{L)-L@o),,  Ju-vof,, <r}
6:[0,00)— [0,0)

Suchthat 0<O(r)< u(r), (0<r<R).

Therefore, the following theorems are valid.

Theorem 5.2 Suppose that the function (2.9) has a unique
zero 1. €[0,R] and that¢(R)S 0. Then equation (1.1)

has a solutionu.. € B(u,, I..) this solution is unique in the
ball B(u,R).

Theorem 5.3 Under the hypotheses of Lemma 2.1 the
approximation (2.2) are defined for all n belong to the

ball B(u,,q.). are converging to a solution U, of (1.1)
and satisfy the estimates (2.12) and (2.13).
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